We study controllable single photon scattering in a onedimensional waveguide coupling with an additional cavity by second order nonlinear materials in a non-cascading configuration, where the additional cavity is embedded with two-level atom and filled with Kerr-nonlinear materials. Considering the second order nonlinear coupling, we analyze the transmission properties of the three different coupling forms as follows: (i) The two-level atom is excited without the Kerr-nonlinearity. (ii)The Kerr-nonlinearity is excited without the two-level atom. (iii) Both of the two-level atom and Kerr-nonlinearity are excited. The transmission and reflection amplitudes are obtained by the discrete coordinates approach for the three cases. The results showed that the transmission properties can be adjusted by the above three different coupling forms, which indicate our scheme can be used as a single photon switch to control the transmission and reflection of the single photon in the one-dimensional coupled resonant waveguide. We compared the results with [Phys. Rev. A 85, 053840(2012)] and find the advantages.
Introduction
Single photon are considered as one of the most suitable carriers for quantum information. The single-photon control, which plays a key role in the realization of quantum information processing and quantum communication [2] . In the past decades, many systems choose a atom as stationary qubits to achieve strong photon-atom interaction in a high-quality optical microcavity [3] [4] [5] . Recently, single-photon transmission has been widely used in quantum networks [6] , optical circuits [7, 8] , quantum switches [9] [10] [11] [12] [13] [14] and high-precision spectroscopy [15] , which have been extensively investigated both theoretically [16] [17] [18] [19] [20] [21] and experimentally [22] [23] [24] . The interaction between nanosphotonic waveguide and matter or additional cavities makes a single photon control approach with wide application prospects, and the waveguides [25] [26] [27] and nanofibers [28] [29] [30] [31] [32] [33] [34] can well simulate one-dimensional light propagation [35] [36] [37] [38] [39] [40] [41] . The coupled resonator waveguide (CRW) is an important and widely used one-dimensional optical waveguide model. This can be achieved through photonic crystals [42] or a wire resonator using a superconducting material for transmissions [43] [44] [45] . In the CRW, We can control the transmission and reflection of a single photon by the coupling of CRW with the additional cavity, and obtaining strong cavity interaction, thus affecting the scattering properties of a single-photons. In addition, single-photon transmission realized by local and non-local coupling with defects in one-dimensional discrete systems has also been studied, which mainly discusses nonlinear Fano resonance and nonlinear Fano-Feshbach resonance [46] [47] [48] . At present, photon scattering in multi-level quantum emitter systems is also mentioned [49, 50] .
The second-order nonlinear system is an important and widely used optical system [51] , which can convert a single photon in a high frequency cavity into a two-photon in a low frequency cavity by parametric down conversion, and the reverse process can also be realized by parametric up conversion [52, 53] . Many materials can achieve second-order nonlinearity, such as III-V semiconductors (e.g., GaAs, GaP, GaN, AlN, etc.) [54, 55] , and in recent years, the use of the LiNbO3 waveguide as a high high-χ (2) nonlinear material platform has also been widely studied [56] [57] [58] , which have a wide range of applications, such as strongly coupled single photon [59] , anticlustering of photons [60, 61] , and optically induced transparency [62] .
In this paper, we introduce the second-order nonlinearity, into the CRW to realize the quantum optical switch. We study controllable single photon scattering in a one-dimensional waveguide coupling with an additional cavity by second order nonlinear materials, where the additional cavity is embedded with two-level atom and filled with Kerr-nonlinear materials. Three cases are considered: (i) The two-level atom is excited without the Kerr-nonlinearity. (ii)The Kerr-nonlinearity is excited without the two-level atom. (iii) Both of the two-level atom and Kerr-nonlinearity are excited. By the discrete coordinates approach we obtain the reflection and transmission rate in the current system. The effects of second-order nonlinearity, Kerr nonlinearity and two-level atoms acting as a single-photon switch to control the transmission and reflection in a one-dimensional coupled resonant waveguide are analyzed, respectively. The results show that in these three systems both of the perfect transmission and reflection areas can be controlled by adjusting the system parameters. The contribution of the present scheme can be summarized as: (i)For the first time introduce the Kerr-nonlinearity into the CRW to realize the quantum optical switch. (ii) In comparison with the CRW coupling to a two-level system [1] , which find that under the same parameters, the second-order nonlinear system can forms two perfect reflection regions, it is different from the perfect reflection dips formed by the two-level system. (iii) The case of both of the two-level atom and Kerr-nonlinearity are excited in the system, the Kerr nonlinearity can also be used as a single photon switch to control a single photon to realize transmission and reflection.
The manuscript is organized as follows: In Sec. II, we introduce the physical model and the theory for the system, where the analytic solutions of transmission and reflection amplitudes are obtained. In Sec. III, the controllable scattering properties are studied in the case of only the two-level atom is excited, and comparison with the CRW coupling to a two-level system. In Sec. IV, we study the effects of Kerr nonlinearity on the scattering properties of single photons in this system. Discussion and conclusion are given in Sec. V. 
Physical model
We consider a hybrid system, where the system contains a CRW coupling with an additional cavity by second order nonlinear materials in a non-cascading configuration, where the additional cavity is embedded with two-level atom and filled with Kerr-nonlinear materials. which is illustrated in Fig. 1 . The Hamiltonian of the system can be written as
here H a expresses the a single photon transport in the CRW, H b and H e describes the additional resonator and the two-level atom, respectively, H g denotes the interaction between the CRW and the additional resonator, H J denotes interaction between the additional resonator and twolevel atom, and the H U expresses the Kerr-nonlinearity. The six terms are given as (we seth = 1 hereafter)
where a j (a † j ) is the annihilation (creation) operator of the jth cavity in the CRW, ω a denotes the resonance frequency of the cavities, and the coefficient of ξ is the hopping energy between the two nearest-neighbor resonators of the CRW. b 0 (b † 0 ) is the annihilation (creation) of the additional cavity with frequency ω b . The g is the coupling strength between the 0 th resonator and the additional cavity, which mediates the conversion of the photon in cavity a 0 into two photons in cavity b 0 . σ (σ † ) is the annihilation (creation) of the atom in the additional resonator b 0 with frequency ω e , and J is the coupling strength between the atom and the additional cavity. U is the three-order nonlinear strength.
In this system the number of excitations is conserved, and restrict it to the one-excitation subspace for the CRW, the single-photon transports from the left of the CRW to the resonator a 0 , the photon will come to the resonator b 0 by second-order nonlinear system and be converted into two photons. Next, the two photons also interact with the atom in the resonator cavity b 0 , and the Kerr nonlinear materials will also have a certain effect of the two photons. While the two photons in resonator b 0 come back to resonator a 0 , they will be converted to one by the second-order nonlinearity. So, this guarantees that there is only one photon in the CRW. For single excitation subspace for the CRW, the eigenstate of the system has the form
Where |0 a |0 b |g indicates the vacuum states of the CRW or resonator cavity b 0 , and the two-level atom is in the ground state. The |0 a |2 b |g indicates two-photon state of the resonator cavity b 0 and the vacuum state of the CRW, and the two-level atom is in the ground state. The |0 a |1 b |e indicates the two-level atom is in the excited state and one-photon state of the resonator cavity b 0 , and the vacuum state of the CRW. u b and u e are the corresponding amplitudes, respectively. According to the steady state schrödinger equation H|E k = E k |E k , we get a set of equations for the coefficients
By eliminating the amplitudes u b and u e , we can obtain the discrete-scattering equation
here
The effective potential V e g, resulting from the interaction between the additional resonator and the CRW located at site j = 0, modifies the single-photon transport property in the resonator waveguide. When the coefficient g of second-order nonlinearity equals to zero, the effective potential V e g vanishes. We assume that the single photon is injected from the left side of the CRW, then a usual solution for the scattering equation is
here the t is the transmission amplitudes, and the r is the reflection amplitudes. And the e ik j denotes the wave traveling to the right, and e −ik j denotes the wave traveling to the left side. Only consider the CRW, E k is characterized by
By considering the continuity condition u k (0 + ) = u k (0 − ) and Eqs. (5)-(8), the transmission and reflection amplitude equations can be writed as
Here the transmission rate is T = |t| 2 , the reflection rate is R = |r| 2 . The relation T + R = 1 can be easily verified, so we only analyze the transmittance T of a single photon in the system. In this paper, we use a cyclic three-level artificial atom of a superconducting flux quantum circuit interacting with a two-mode superconducting transmission-line resonator to realize the second-order nonlinear system [63] , where the second-order nonlinear coupling strength g can be adjusted by adjusting the position of the qutrit in the transmission-line resonator, and the value of g/(2π) can reach 5MHz. The CRW can also be realized by using coupled superconducting transmission line resonators [9] . Experimentally, large-scale ultrahigh-Q coupled cavity arrays based on the transmission line resonators have been realized [64] .
Scattering properties of a single photon inside a CRW with second-order nonlinearity and two-level atom
Next, we will study the single-photon scattering properties in the one-dimensional CRW with second-order nonlinearity and two-level atom, and we set the parameters U = 0 in this section. For convenience, all parameters are in units of ξ in this paper. In Fig. 2 , we plot the transmission rate T as a function of k and g with different J, and the parameters ω a = 2ω b = 2ω e = 6 are same in all the three pictures. In Fig. 2(a) , we set the J = 0.1, the shape of T = 1 looks like a oval areas of the fore-and-aft link. The joint positions of the oval areas can be calculated as k = nπ or k = arccos √ 2J
2ξ . If one of the joint position conditions is satisfied, the nodes appear. In Fig. 2(b) , we set parameters J = 1, as the value of J increases, large rhomboid transmission areas occurs periodically at k = arccos( √ 2J 2ξ ), and in addition to the rhomboid transmission regions, the transmission regions controlled by parameter g becomes smaller. In Fig. 2(c) , we set J = 2, as the value of J goes up, when √ 2J 2ξ > 1 the position conditions k = arccos √ 2J 2ξ doesn't work, the nodes only depends on k = nπ, at the same time, the whole system shows a strong transmission property. So, when the parameter g is determined, the J can act as a single photon switch to control the single-photon transmission and reflection in the one-dimensional coupled resonator waveguide. In Fig. 3 , we plot the transmission rate T as a function of k and J with different g, same as the Fig. 2 the parameters ω a = 2ω b = 2ω e = 6 are same in all the three pictures. In Fig. 3(a) , we set the photon to come in the CRW from the left, and the parameters g = 0.1, since the second order nonlinear strength is weak, so, the single photon can pass through the cavity a 0 without the impact of destructive interference. we can get the same conclusion from the expression for the effective potential V e g show in Eqs. (6) . As the value of parameter g increases, the transmission areas is significantly reduced, the switching action of parameter g is reflected. The same conclusion with Fig. 3 , when the parameter J is determined, the g can also act as a single photon switch to control the single-photon transmission and reflection in the one-dimensional coupled resonator waveguide.
In order to further investigate the scattering properties of the second-order nonlinearity cou-pled system, and the coupling strengths g and J are important parameters on the influence of photon transmission properties. We show T as a function of ∆ eb with different g and J in Fig. 4 , and we set the third-order nonlinear strength U = 0 at present. In fig. 4 (a), (a1) and (a2) the second order nonlinear strength g = 0.3 are same, in Fig. 4 (a) we set J = 0, which means that the two level atom is not involved in system coupling. A dip happens at ∆ eb = 0 in the transmission spectrum, and the case of J = 0 incident that ω e = 0, the point where ∆ eb = 0 means E k = ω b , and this indicates the cavity b 0 and the photon are resonant states in this case, so, the single-photon is perfect reflected at the site ∆ eb = 0. In Fig. 4(a1) , we set J = 0.5, and the two level atom be excited, there are two points in the transmission spectrum where T = 0, according to the transmission amplitude equation Eqs. (16) and the given parameters, the width between the two dips W = 2 √ 2J, so as the value of J increases, the width of the two optimal reflection points increases the results are shown in fig. 4(a2) . If the coupling strength J further increases such that J ≫ g , the system becomes nearly transparent. In fig. 4(b) , (b1) and (b2) we plot the transmission rate T as a function of ∆ eb with different g, and the parameter J = 0.5 are same in these three pictures. It is evident from the three transmission spectrums, the peak at T = 1 becomes narrow and the two side peaks are strongly suppressed as the increase of g. As the value of g further increase the two side peaks gradually disappear, and the width of the transmitted peak gradually narrows, when the g ≫ J the system behaves perfect reflection for a single photon.
Comparison with the two-level system
In the following, we compare the single photon scattering properties of the second order nonlinear system with the one-dimensional CRW coupling to a two-level system [1] , here we set U = 0, the current system has the same Hamiltonian form as the two-level system, but the eigenstate of the two system are different, the eigenstate of the latter system can be written as The transmission amplitude is calculated as
In order to compare the scattering characteristics of two systems under the same coupling conditions, in Fig. 5 we plot the transmission rate T as a function varying with the k for the same g and J.
In Fig. 5(a) , we set the coupling strengths g = J = 0.3, the black solid line denotes the secondorder nonlinearity system and the red dotted line denotes the two-level system. We can find that the two system main performance transmission properties, but the second-order nonlinearity system has fewer perfect reflection dips, this is because under the weak coupling strength, the destructive interference caused by second-order nonlinearity is relatively weak, and there is less interference in the transmission path of a single photon, so, the transmission properties are more obvious. In Fig. 5(b) , we set the coupling strength g = J = 1, and as the coupling strength increases, the reflection control of the system for single photon is enhanced. Different from the reflection dips formed by the two-level system, the second-order nonlinear system forms two perfect reflection regions at k π = 0.8 to k π = 1 and k π = −0.8 to k π = −1, which can better control the single-photon to realize reflection in the perfect reflection areas. So, the current system has the advantage of controlling a single-photon reflection. However, the maximum value of T does not reach 1 in a large area, which is also a defect of the system.
Scattering properties of a single photon inside a CRW with second-order nonlinearity and Kerr-nonlinearity
In the current system, because of the resonator a 0 and additional cavity b 0 are coupled by a second-order nonlinear material, the g is the second-order nonlinear coupling strength, which mediates the conversion of the photon in cavity a 0 into two-photon in the cavity b 0 , so, a Kerrnonlinear material will have a certain influence on the two-photon in the additional cavity b 0 , and further affect the scattering properties of a single-photon in the system. In this section we'll discuss how the Kerr nonlinearity affects on this system under the case of J = 0, which means that the two-level atom is decoupled from the additional cavity b 0 , the Hamiltonian of this system can be written as
The eigenstate of the current system can be written as
The transmission amplitude is calculated as
where ∆ aU ≡ E k − ω a and ∆ bU ≡ E k − 2ω b , we rewrite the t ′′ of Eq. (15) in another form
The corresponding effective potential V U can be written as
In different single-photon control systems, the effective potential is the key to determine the scattering property of the system, and the scattering process properties of a single incident photon with a specific momentum are mainly determined by the effective potential.
In Fig. 6 , we plot the transmission rate T as a function of k and g with different U, and the parameters ω a = 2ω b = 4 are same in all the three transmission spectrum. In Fig. 6(a) , we set the U = 0.1, and the joint positions of the T = 1 can be calculated as k = nπ or k = arccos ω a −2(ω b +U) 2ξ .
If one of the joint position conditions is satisfied, the nodes appear. In Fig. 6(b) , we set U = 0.5, as the value of U increases, large elliptic transmission areas occurs periodically, and the joint positions of the T = 1 moves, the role of the Kerr-nonlinearity in the system is similar to that of the two-level atom above. In Fig. 6(c) , we set U = 1, as the value of U further increase, the joint position conditions k = arccos ω a −2(ω b +U) 2ξ doesn't work, the number of nodes reduced, and the transmission area gets bigger obviously. Therefore, the Kerr nonlinearity can also be controlled as a single photon switch in this system.
For further study the effect of Kerr nonlinearity on the scattering properties of the system, in Fig. 6 we plot transmission rate T as a function of ∆ bU with different U. In Fig. 7(a) , we set g = 0.3, and the black solid line U = 0, the blue dotted line U = 0.3 and the red point line U = 0.6, we can find that as the value of U increases the perfect reflection position moves to the right. In Fig. 7(b) , we set g = 1, and in these three lines we set U = 0, U = 0.5 and U = 0.8, respectively. when U = 0 a dip appears at ∆ bU = 0, and the two side peaks are symmetrically distributed, as U increases the dip moves to the right, the maximum value of the left side peak increases and the span widens, and the maximum value of the right side peak decreases and the span narrows, which means that the transmission property of the system is enhanced. When the U = 0.8, the scattering properties of the system are further altered, and a perfect reflection region is formed in the region from ∆ bU = 1.5 to ∆ bU = 2, which increases the system's ability to control the reflection of the single photon.
Effects of Kerr-nonlinearity in the hybrid system
Finally, we discuss the case that in a CRW coupling an additional cavity via second-order nonlinearity, and in the additional cavity both of the two-level atom and the Kerr nonlinearity are excited. The transmission and reflection amplitude equations show in Eqs. (9) .
In Fig. 8 , we set g = 0.5 and J = 1, plot the transmission rate T as a function of k π with different Kerr-nonlinear strength U. In the black solid line U = 0, there were two symmetrical dips in the transmission spectrum, and the duty cycle of the two side peaks are the same. When the U = 1, the two dips moves to the right, the maximum value and span of the left side peak increases obviously, the transmission properties increases of the single-photon in the system, the results show in the blue dotted line. As the U further increase, the dip areas has narrowed significantly, the whole system presents obvious transmission property. Based on the above conclusions, when second-order nonlinear strength g and the coupling strength of two-level atom J are determined, The Kerr nonlinear strength U can be used as a single photon switch to adjust the scattering property of a single photon in the system. 
Conclusion
We have investigated the coherent controlling of a single photon transport in a CRW coupled to an additional resonator via the second-order nonlinearity, where the additional resonator is embedded with two-level atom and filled with Kerr-nonlinear materials. By the discrete coordinates approach we obtain the reflection and transmission rate for the single-photon propagating in this system. The effects of second-order nonlinearity, Kerr nonlinearity and two-level atoms acting as a switch to control the transmission and reflection of single photons in a onedimensional coupled resonant waveguide are analyzed, respectively. The results shown that the single photon can be perfectly reflected or transmitted by tuning the the system parameters. By compared with the two-level system we find that under the same parameters the current system it easier to control a single photon to realize perfect reflection, so as to better realize the function of single-photon switch. The Kerr nonlinearity can also be used as a single photon switch to control the single-photon scattering properties in the system. The hybrid system will provide more ways for the realization of quantum devices and promote its development. 
